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Abstract 

Nurowski showed that any generic 2-plane field D on a S-manifold M determines 
a natural conformal structure on M; these conformal structures are exactly 
those (on oriented M) whose normal conformal holonomy is contained in the 
(split, real) simple Lie group G2. Graham and Willse showed that for real- 
analytic D the same holds for the holonomy of the real-analytic Fefferman- 
Graham ambient metric of cd , and that both holonomy groups are equal to G2 
for almost all D. We investigate here independently interesting plane fields for 
which the associated holonomy groups are a proper subset of G2 . 

Cartan solved the local equivalence problem for 2-plane fields D and con- 
structed the fundamental curvature tensor A for these objects. He furthermore 
described locally all D whose infinitesimal symmetry algebra has rank at least 
6 and gave a local quasi-normal form, depending on a single function of one 
variable, for those that satisfy a natural degeneracy condition on A. We show 
that the conformal structures cd induced by these plane fields via Nurowski's 
construction are always almost Einstein, that we can write their ambient met- 
rics explicitly, and that the holonomy groups associated to Cd are always the 
Heisenberg 5-group, which here acts indecomposably but not irreducibly. We 
show also that similar results hold for the related class of 2-plane fields de- 
fined on suitable jet spaces by the ODEs z'{x) = F{y"{x)) satisfying a simple 
genericity condition. 



1. Introduction 

In a well-known but technically demanding 1910 paper, |CarlCl| . Cartan 
solved the local equivalence problem for what in modern geometric language are 
called 2-plane fields on 5-manifolds, and the most interesting such fields are those 
that satisfy a simple genericity condition. This class is the lowest-dimensional 
example of /c-plane fields on n-manifolds that admit nontrivial local invariants, 
but already the geometry of these fields is surprisingly rich and furthermore 
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enjoys close connections with some exceptional geometric objects, including the 
algebra of the split octonions and the exceptional Lie group G2. 

One of th e most striking realizations of these connections was described 
by Nurowski Nur05 . NurOSl ] and Leistner and Nurowski LN12| . whose work 
exploits the geometry of generic 2-plane fields D on 5-manifolds M to produce 
metrics of holonomy equal to G2 (here and henceforth, G2 denotes the split 
real form of the exceptional Lie group). They produce candidate metrics of this 
kind by concatenating two constructions: First, Nurowski exploited Cartan's 
solution of the local equivalence problem for these plane fields to show that 
any such field D induces a canonic al signature- (2, 3) conformal structure cd 



on the underlying manifold Nur05| . Second, the Fefferman- Graham ambient 



construction associates to any conformal structure (M, c) of signature (p, q) 
an essentially unique metric g of signature (p+l,g + l)ona suitable open 
subset M C M.+ x M x R, though for most c the metric g cannot be identified 
explicitly FGlll |. Applying this latter construction to cd produces a pseudo- 



Riemannian metric of signature (3,4), and Leistner and Nurowski produced an 
explicit family of plane fields D parametrized by and found corresponding 
(polynomial) ambient metrics go oi Cd- By giving explicitly a certain object 
parallel with respect to go — namely, a 3-form of a certain algebraic type — they 
showed that the holonomy groups Hol(gD) of the metrics in this family all are 
contained in the stabilizer in SO(3,4) of the 3-form, which turns out to be 
G2, and moreo ver tha t for an explicit, dense open subset of parameter values, 



Ho1((7d) = G2 jLN12l |. This is interesting in part because there are relatively 



few examples of metrics with this holonomy group. Later, Graham and Willse 
showed that for all real-analytic D on oriented 5-manifolds, there is an ambient 
metric go s uch tha t Hol(5£)) < G2 and that, in a suitable sense, equality holds 
generically GW12| . 

In this article we give an explicit infinite-dimensional family of plane fields 
D and corresponding explicit ambient metrics go for which the containment 
of holonomy in G2 is proper. This family can be locally described in terms of 
two invariant data associated to D. First, Cartan described the fundamental 
curvature quan tity of p lane fields D, which we may interpret as a tensor field 
A e r(0-*£)*) [Carld| . if we complexify A, then for each u e M, we may 
regard the roots of A„ (g) C € O'^Dt (g) C as elements of the complex projective 
line P(D C), and if Au ^ 0, we call the partition of 4 given by the root 
multiplicities the root type of D at u; for example, we say that D has root 
type [4] at u if Au (g C is nonzero and has a quadruple root, or equivalently, 
if the line it spans is contained in the rational normal curve in Q'^D* (S) C. 
Second, the (infinitesimal) symmetry algebra of D is the Lie algebra aui{D) 
of vector fields that preserve D. Cartan further showed that one can locally 
encode any 2-plane field D such that (A) D has constant root type [4] (that is 
root type [4] at every u S M), and (B) such that rankaut(D) > 6, in a rank-2 
principal bundle E ^ M and a coframc (fTT|) on E that depends only a single 
function /. Conversely, for any smooth function / the structure equations of this 
coframe determines^ a plane field Dj, and we produce explicit ambient metrics 
gi (fT3|) on spaces Mj for the conformal structures c/ := cdj they induce. These 
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conformal structures all enjoy additional special structures, including (exactly) 
a 2-diniensional vector space of almost Einstein scales (in fact, almost Ricci-flat 
scales). Each of these scales in turn corresponds to a parallel null vector field 
on M/, and so Hol(g/) must be contained inside the common stabilizer of those 
vector fields; we show that Hol(5/) is actually this full group, which roughly 
indicates that the only objects parallel with respect to gi are those arising from 
the parallel G2-structure and the indicated null vector fields. 

We also compute for the conformal structures c/ a closely related notion of 
holonomy that has recently enjoyed heightened attention. One can encode any 
n-dimensional conformal manifold (M, c) in a rank-(n + 2) bundle T — > M called 
the tractor bundle, together with some auxiliary data including a canonical 
(normal) conformal connection V"^ on T; we call the holonomy Hol(V''') of this 
connection the (normal) conformal holonomy of c. 

Partly via explicit computation we prove the following: 

Theorem A. Let I : U ^ R be a smooth function whose domain U dR is open 
and connected, and let gi be the Ricci-flat ambient metric (|13p of c/ . Then, 

Hol(V]") - Hol(g/) - H5 , 

where \/J is the tractor connection of cj and H5 is the Heisenberg 5-group. 

Cartan's normal form result then immediately implies the following local but 
invariant statement: 

Corollary B. Let D be a generic 2-plane field on a 5-manifold M with constant 
root type [4] such that rankout(Z)) > 6. Then, for any point u G M , the local 
holonomy of the tractor connection of the induced conformal structure cd 
IS Hoi:(V^)=H5. 

The local holonomy Hol*(V^) of a connection on a vector bundle is 
defined in the paragraphs after Definition [T3] below. 

Some algebra shows that these holonomy groups act indecomposably, and so 
the ambient metrics gi respectively provide new examples of metric holonomy 
groups that act indecomposably but not irreducibly; among metric connections 
this phenomenon can occur only in indefinite signature. 

The remainder of this article is organized as follows: Section [5] collects some 
general facts about generic 2-plane fields D on 5-manifolds, including about the 
Cartan curvature tensor A. We construct a homogeneous model of such 2-plane 
fields using just the algebraic structure of the split octonions, O; this connects 
the geometry of these fields to the exceptional J^ie group G2, which can be re- 
alized as the algebraic automorphism group of O, and we produce some specific 
algebraic facts about G2 relevant to the geometry of the plane fields Dj. We 
also recall Goursat's (quasi-)normal form, which locally realizes any _D as a dif- 
ferential equation z' — F(x, y, y' , y" , z) for some function F[x, y,p, q, z) defined 
on a neighborhood of the origin in and for which Fqq is nowhere zero; we 
exploit this form in direct computations in Section [5] Section [3] gives some ba- 
sic facts about conformal geometry, including the construction of the conformal 
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tractor bundle and ambient metric, and also recalls and relates various notions 
of holonomy, including the normal holonomy Hol(V^) of a conformal structure. 
Section 2] discusses Nurowski's construction of the conformal structure Cd from 
a generic 2-plane field D on a 5-manifold and describes briefly a manifestly in- 
variant construction of that structure in the language of parabolic geometry, for 
which we del iberat ely provide no other background; the standard reference for 
this topic is We give several key results about these conformal struc- 



tures, including a characteriz ation o f them among all conformal structures due 
to Hammerl and Sag erschnig jHS09| and some facts about holonomy groups as- 
sociated to them. Finally, in Section [S] we give explicit data for the plane fields 
D/, including formulas for Ricci-flat ambient metrics 7j and the parallel objects 
on the tractor bundle and ambient manifold that guarantee the containment of 
the indicated holonomy groups in H5. We use these data to prove Theorem A 
and Corollary B, and various other results related to these plane fields, includ- 
ing that the holonomy of any Ricci-flat representatives of c/ is equal to . We 
then consider a class of 2-plane fields, namely the fields £'f((}) for which the 
function F in the local normal form depends only on g, which thus correspond 
to differential equations z' = F{y"). This class is closely related to that of the 
plane fields Di, and we show that the holonomy results we prove for the plane 
fields Dj essentially hold for the plane fields i?_F(q) too. 

All objects are smooth by hypothesis except where stated otherwise. 

Many computations in this work were done with Maple, and in particular the 
package Dif f erentialGeometry. It is a pleasure to thank Ian Anderson, that 
package's primary author, for hosting the author at Utah State University in 
March 2012 after the conference "Differential Geometry of Distributions," when 
some of this work was done, as well as for his assistance with the package. The 
author thanks Robert Bryant for suggesting to the author Cartan's 1910 paper 
as a possible source of plane fields with interesting associated holonomy groups 
at the October 2010 meeting of the Pacific Northwest Geometry Seminar at the 
University of Oregon. The author also thanks Mike Eastwood, Ravi Shroff, and 
Dennis The for various helpful comments made during the paper's preparation. 
Support from the Australian Research Council is gratefully acknowledged. 



2. Generic 2-plane fields on 5-manifolds 

Definition 1. A 2-plane field D on a 5-manifold M is generic if [D, [D,D]] = 
TM. 

If D is generic, then the derived plane field [D, D] has constant rank 3. 

Two generic 2-plane fields {M, D) and (M, D) are equivalent if there is a 
diffeomorphism if : M ^ M such that Txf ■ D = D^(x) for all x e M, and they 
are merely locally equivalent at x e M and x e M if there are neighborhoods 
V of X and ^ of a; such that the restricted plane fields (V, D\v) and {V, D\v) 
are equivalent. If {M,D) and {M,D) are locally equivalent at x and x for all 
X £ M and x e M , we simply say that the plane fields are locally equivalent, 
without reference to a choice of points. When using any of the above notions of 
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equivalence, we may suppress mention of the underlying manifolds when their 
identities are clear from context. 

Definition 2. Let i? be a fc-plane field on a smooth manifold M . A vector 
field ^ e T{TM) is an infinitesimal symmetry of E if C^rj S r(i5) for all 
•q € ^{E). The (infinitesimal) symmetry algebra of E is the space a\xi{E) 
of infinitesimal symmetries of E^ and the compatibility of the Lie bracket of 
vector fields with the Lie derivative ensures that aut(-E) is a Lie subalgebra of 
T{TM) under that operation. 

2.1. The Cartan curvature tensor 

Cartan constructed the fundamental curvature invariant, which we call the 
Cartan curvature (tensor), of a generic 2-plane field on a 5-manifold: a 
symmetric quartic form on Z), that is, an element A e V{q'^D*). 

By complexifying and projectivizing, at each point x ^ M we may regard 
the roots of A^, (g) C G 0^^^^ C as elements of the complex projective line 
^{Dx <S) C). If Ax ^ 0, then A^, C has exactly four roots counting multiplicity, 
and we call the partition A of 4 given by the multiplicities of the roots the root 
type of D at x. By convention, if A^ = 0, we say that D has root type [c»] at 
X. If D has a given root type A at all x G M, we just say that D has (constant) 
root type A. 

2.2. The split octonions and the homogeneous model 

A natural model for generic 2-plane fields on 5-manifolds can be efficiently 
and beautifully realized using an 8-dimensional real algebra called the split 
octonions, which in turn is intimately related to several exceptional objects. 

Up to isomorphism there are exactly seven composition algebras over M, 
that is, algebras over M with a unit and a nondegenerate bilinear form (•, •) 
that satisfies (xy, xy) = {x, x) {y, y) for all elements x and y in the algebra; 
the facts here about composition algebras are given, for example, in IIar9d | . 
where they are called normed algebras. Four of these are the celebrated normed 
division algebras, K, C, H, and O. The remaining three are the so-called split 
analogues of the latter three; the largest and richest of these, both algebraically 
and geometrically, is the split octonions, which we denote O. This algebra has 
dimension 8 over K, and its bilinear form has signature (4,4). 

We call an element a of a composition algebra A imaginary if (1, a) — 0, and 
we denote the set of such elements by ImA. Restricting (•, •) to ImA defines 
a nondegenerate bilinear form (which we again denote by (•, •)); we can then 
define the cross product 

• X • : Im A X Im A — > Im A 

on that subspace by 

X X y :— — Im{xy). 
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Regarding x as a (2, l)-tens or on I mA and dualizing (and changing signs, to 
agree with the convention in [Sag06|) defines a 3-tensor $ G (8)'^A'^(Im A)* by 

<^{x, y, z) := - (x X y, z) = (xy, z) , 

and one can show that it is totally antisymmetric. 

We henceforth restrict our attention to A = O; for further details of most of 
the constructions in the rest of the subsection and Subsection 12.31 see Sag06l | 



and |HS09t . Since bilinear form of this algebra has signature (4, 4), the induced 



bilinear formjjn ImO has signature (3,4). We can recover all of the above 
structure on O and hence ImO from $ alone; in particular, the bilinear form 
on Im O satisfies 

{x,y) ^ -^tr{z^ X X {y X z)). (1) 

The algebra and geometry of O are in some ways richer than that of its analogue, 

0, because the former contains zero divisors; these are exactly the nonzero 
vectors null with respect to the bilinear form. To exploit this structure, we 
define the (punctured) null cone to be the set 

TV e ImO - {0} : {x,x} = 0} 

of nonzero null vectors in ImO and define the (null) quadric to be its pro- 
jectivization, Q :— F{Af) (by construction, Q is diffcomorphic to (S^ x S'^)/Z2, 
where the nonidentity element of Z2 acts by the antipodal map simultaneously 
on the two spheres). For any x E ImO we define the (algebraic) annihilator 
of X to be the vector space 

Annx := {y e ImO : X X y — 0} — {y e ImO : ^{x, y, •) = 0}, 

and one can show that dim Ann a; = 3 if a; is nonzero and null and Ann x = [x] 
if X is non-null, where [x] denotes the span of x. 

For x € Af, some easy algebra yields the inclusions 

[x] C Annx C (Anna;)-'- C [x]-^ , 

which we can together regard as a vector space filtration of T^Af = [a;]"*- . Varying 
X defines a filtration of the tangent bundle TAf by plane fields of constant rank 

1, 3, 4, and 6. This descends to a filtration of the tangent bundle of the quadric: 

{0} = D° d D-^ C D-^ C D-^ = TQ. 

In particular, rankZ)^^ = 2 and rankZ)^^ = 3. We denote A D^^; com- 
puting shows that [A, A] = D-^ and [A, [A, A]] = [D~^,D-^] = D-^ = TQ. 
(Given constant-rank plane fields V and W, the set [V, W], which a priori need 
not have constant rank, is 

[V,w]p = {[^,rj]p:^er(v),ver{w)}.) 

In particular, A is a generic 2-plane field on Q, and we call the pair the homo- 
geneous model of the geometry of such fields. We say that a generic 2-plane 
field on a 5-manifold is locally flat if it is locally equivalent to (Q, A), and 
one can show that loc al fiatn ess is equivalent to the Cartan curvature tensor A 
being identically zero jCarlOf . 
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2.3. G2 

The Lie algebra of the automorphism group Aut O of the split octonions is 
simple, has rank 14, and has indefinite Killing form, so it is the split real form 
of the simple complex Lie algebra of type G2. We thus henceforth denote this 
automorphism group by G2. 

Since G2 preserves {1} and (•,•), it also preserves [1]^ = ImO and $ € 
A'^(ImO)*. One can show that G2 is connected; then, since ^ realizes the 
bilinear form (•, •) on ImO in terms of its algebraic structure, G2 also preserves 
that form and hence admits a natural embedding G2 ^ SO(3,4). The auto- 
morphism action of G2 thus restricts to an action on the null cone A/", and by 
linearity it descends to an action on the quadric Q. 

Conversely, the full algebra O can be recovered from $, and so G2 is precisely 
the stabilizer of $ under the induced action of GL(ImO) on A^(ImO)*. The 
stabilizer of any other 3- form in the orbit GL(ImO) • $ is a conjugate of G2 in 
GL(ImO), and we call the 3-forms in this orbit split-generic. (The modifier 
generic indicates that this orbit turns out to be open. In fact, the action of 
GL(ImO) on A'^(ImO)* has exactly two open orbits. The stabilizer of any 
element in the open orbit that does not contain $ is just the compact real form 
of the complexification G2 of G2 , and this compact form can be realized as the 
algebra automorphism group of the octonions, O.) 

Given a 7-dimensional real vector space V and any vector space isomorphism 
r : Im O — >■ V, we say that a 3- form $ G A^V* is split-generic if and only if r*i> is; 
by construction this characterization does not depend on the choice of r. So, up 
to algebra isomorphism we may realize the imaginary split octonions, endowed 
with the cross product, by giving such a pair (V, $) with $ split-generic. 

Now, given such a realization (V, <&) of the imaginary split octonions, one 
can realize the induced inner product (•, •) explicitly in terms of the 3-form 

Any 3-form 1^9 on a 7-dimensional real vector space V induces a symmetric 
A''V*-valued bilinear form, namely, {X,Y) {Xjip) A {Yjip) A ^p. One can 
show that this form is nondegenerate if and only if is generic, in which case 
it distinguishes a nonzero volume form vol G A^V* |Brv87l lHit01 | and hence 
yields an R- valued bilinear form on V: If we regard the bilinear form as a linear 
map (8)^V — >■ A'^V* , dualizing gives a map V — > V* (g) A'^V* . Its determinant is a 
map det : A'^V -J> A'^(V* (g) A'^V*) = and duahzing again gives a map 

det : E -J> (g^A'^V* which is nonzero because the bilinear form is nondegenerate, 
and which we may regard as a distinguished element of (g^A^V*. Since V is 
real, there is a unique element vol G A''V* such that vol®^ = det. So, if ip is 
generic, we can define a symmetric bilinear form H{ip) G 0^V* by 

H{p){X, Y) vol -.^ V6(Aj p) a {Yj ip) A ip. (2) 

The factor \/6 is chosen so that vol coincides with the volume form induced by 
the bilinear form for the orientation vol determines on V. The form H{ip) is 
split- generic if and only if the bilinear form has signature (3,4), and it is generic 
but not split-generic if and only if the form has signature (7,0). 

For our purposes it will be useful to have a concrete realization of the split 
octonions, and we borrow a computationally convenient choice from HS09l |: Set 
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V = R'', let (Ea) denote the standard basis on V and (e°) its dual basis, and 
define 

$ := ^(-V2e^ A A e*' - A e'' A - A e'' A e*^ 

+ A e'^ A - %/2e^ A A e^). 
The matrix representation in the basis (Ea) of the bihnear form is 

















1 \ 













I2 













-1 













I2 











V 


1 











/ 



where I2 is the 2x2 identity matrix. In particular, H{^) nondegenerate and has 
signature (3,4), so $ is split-generic; we denote the bilinear form by {X,Y) := 
H{^){X,Y). 

The Lie algebra 92 is the algebra of derivations of the split octonions, which 
by the discussion earlier in the subsection is just the annihilator of $ in the Lie 
algebra qI(¥) of derivations of V. Computing gives that, in the basis {Ea), 02 
has matrix representation 



/ 


tiA 


Z 




W 





\ 




X 


A 




— I 








r 


-V2X^J 





-V2ZJJ 


■S 






Y 




V2IX 








V 





-Y^ 


r 


-X^ 


-trA 


J 



A e fll(2,M) 

z,w e (k2) 

r,s e R 



(3) 



where 



-1 

1 



One can use ^ to show that G2 acts transitively on the null cone A/" (and hence 
the null quadric Q), so we may regard Q as the homogeneous space G2 /Pi, 
where Pi is the stabilizer in G2 of a point in Q, that is, of a null line in ImO. 
Furthermore, the 2-plane field A on Q was constructed algebraically from so 
it is invariant under this action, and this motivates the moniker homogeneous 
model for (Q, A). 

We will be interested in determining the holonomy of certain 7-dimensional 
metrics (see Section[5]), all of which admit a parallel split-generic 3- form and two 
linearly independent null vector fields. (We say that a 3-form on a smooth 7- 
manifold is split-generic if and only if its value at each point is split-generic; if a 
parallel 3-form is split-generic at one point, it is split-generic everywhere.) These 
holonomy groups will be contained in the common stabilizer in S0(i7($)) = 
SO(3,4) of the split-generic 3-form $ and two linearly independent null vectors 
X and y; however, this stabilizer depends on the relative configuration of those 
three tensors. 
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Proposition 3. Suppose x,y € N , and let $ he the split-generic 3-form that 
defines the algebraic structure on V. The isomorphism type of the common 
stabilizer Stabso(3,4)('i') ri Stabgo(3,4)(a;) n Stabso(3,4) (y) is 



if M = [y] 

if<^{x,y, ■)^0,[x]^ [y] 
tf{x,y)=0, $(x,y, •) 7^0 
[ SL(2,M), if{x,y)j^O 



TB3 



where [z] denotes the line in ImO spanned by the vector z, K is the stabilizer 
of an (arbitrary) vector in Af, and H5 is the Heisenberg 5-group. 

Proof. By the discussion earlier in this subsection, the stabihzer of $ in SO(V) 
is G2, and so the common stabihzer is just the common stabihzer in G2 of x 
and y. 

Since G2 acts transitively on Af, we may identify x with the null vector 
ei G V; then, where K is the stabilizer in G2 of this vector, the common 
stabilizer is just Stabx(2/)- 

Consulting Q shows that the Lie algebra of K is 



' / Z s 

A \/2JZ^ 

« = < 



A 



w 





\ 







A e sl{2,R) 

Z,W e (]R2)* 



(4) 



Using this realization it is easy to check that the action of K partitions A/" 
into the following orbits; we also give a representative of each orbit in terms of 
the basis (ca): 

• singletons {Ax}, A e M*; Aei 

• the set Ann x — [x]; 62 

• the set {[x]-^ — Anna;) OAf; 65 

• hypersurfaces {z £ Af : {x, z) = A}, A G M*; \ej. 
Consulting ^ gives that the common stabilizer in t of ei and 62 is 



f / Z2 

ai2 









[\0 



s 

-V2Z2 









Wi 


-vl^2 



ai2 




W2 





\ 


> 




-Wi 









-W2 









s 




> 















-Z2 












J 


J 



(5) 
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where 012, ^2, s, Wi, W2 € M; this algebra is isomorphic to the rank-5 Heisen- 
berg Lie algebra. This and analogous computations for the three other orbit 
types give that the isomorphism types of the stabilizers in K of the given or- 
bit representatives (and hence that of arbitrary elements y in their respective 
orbits) are, respectively, K, H5, R^, and SL(2,M). □ 

Remark 4. For each of the four cases in the proposition, one can read some of 
the information about the above stabilizers directly from the root diagram of 02- 
By choosing an appropriate Cartan subalgebra, we may identify the stabilizer 
Lie algebra t = stabg2(x) as the subalgebra spanned by the root spaces of 
the roots in the indicated box in the diagram below together with the rank-1 
subalgebra of the Cartan subalgebra (which corresponds to the center node) that 
fixes X. In fact, if we identify x with ei as in the proof, the Cartan subalgebra 
of 02 © comprising the diagonal matrices will do. 

For any y G Annx — [x], one can choose a basis of V so that, for example, 
X = ei (again) and y = 62, and if we again take the Cartan subalgebra to 
be the set of diagonal matrices, the stabilizer t stabg^iv) of y in Q2 is the 
one indicated. The common stabilizer algebra stab^^ix) nstobg2(j/) is just the 
span of the root spaces in both t and t, namely those of the circled roots (in 
particular, no nonzero element of the Cartan subalgebra stabilizes both ei and 
62); the diagram shows that this algebra is isomorphic to (55. 




Proceeding analogously for y in the ii'-orbit {[x]-^ — Annx) OAf and any 
X-orbit {z e A/" : {x, z) — A}, A e M*, respectively yields diagrams 
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and 




In the diagram for {z e A/" : (x, z) = A}, A G M*, the circle around the center 
node indicates that the common stabihzer of x and y contains a rank-1 subal- 
gebra of the Cartan subalgebra of 02- 



Remark 5. In the language of jBH12l |. the four conditions on x and y in the 
statement of Proposition [3] are equivalent to the pair ([x], [y]) G Q x Q of null 
lines being 0, 1, 2, and 3 rolls apart, respectively, so the proposition shows in 
particular that for each k G {0, 1, 2, 3}, G2 acts transitively on the space of pairs 
of null lines that are k rolls apart, that is, that these are precisely the four orbits 
of the induced G2 action on pairs of null lines. 

2.4- Ordinary differential equations z' — F{x,y^y'^y",z) 

Consider a second-order ordinary differential equation in the Monge normal 
form 

z' ^F{x,y,y'y,z), (6) 

where y and z are functions of x. Introducing coordinates p and q for the 
y' and y" identifies the partial jet space J'''^(]R,R^) with (with coordinates 
(x, y,p, q, z)) and realizes the differential equation ^ as the exterior differential 
system 



= dy — pdx 

= dz - F{x, y,p, q, z) dx - Fq{x, y,p, q, z)(dp - qdx) 
= dp — qdx 



(7) 



on M^: Explicitly, a triple {x,y(x), z{x)) is a solution of ([6]) if and only if its 
prolongation {x,y{x),y' {x),y" (x), z{x)) is an integral curve of 

Since {uj^ , uj'^ , uj^} is linearly independent, the common kernel kerjo;^, w^, w'^} 
is a 2-plane field Dp on domF, and checking directly shows that it is generic if 
and only if Fqq is nowhere zero. These defining 1-forms were chosen so that the 
derived 3-plane field satisfies [Dp, Dp] = ker{a;^,ti;^}. 

Goursat showed that all generic 2-plane fields arise this way, at least locally. 

Lemma 6. iGou2± %76] Let D he a generic 2-plane field on a 5-manifold M , 
and fix u E M. Then, there is a function F defined on an open subset of M.^ 
containing such that D and Dp are locally equivalent near u and 0. 
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For accessible proofs of this lemma, see BH93I . p. 2.6], which proves a gener- 
alization of the lemm a to manifolds of dimension 5 and higher, or see iKruUaL 
Theorem 3] or |Str09l §3.3]. 

There is some redundancy in the choice of F in this lemma — somewhat more 
precisely, different functions F can yield equivalent plane fields Dp — so we refer 
to ([7]) only as the (local) (Monge) (quasi-) normal form for generic 2- plane 
fields on 5-manifolds. The field Dq2 is locally flat. jCarlOj ] 

For later use, we augment (O with two auxiliary forms to produce a local 
coframe (w") of TM: 



bj :— dq 
uj^ := dx. 



The frame {Ea) of TM dual to (w'^) is 



El 
E2 

E5 



= 9y 

= dp + Fg{x,y,p,q,z)d:, 
= d„ 



dx +pdy + qdp + F{x,y,p,q,z)dy_. 
In particular, 

Dp = kcr{cj\w2,w^} = {Ei.E^) ^ {dq.d^+pdy + qdp + F{x,y,p,q,z)d^) 



3. Some metric and conformal geometry 

Conformal geometry is the geometry of smooth manifolds in which one has 
a notion of angle but (in particular) not of length. 

Definition 7. A conformal structure on a smooth manifold M is an equiva- 
lence class c of (pseudo-Riemannian) metrics under the relation where g ~ 5 
if and only if 5 = il^g for some positive function fl e C°°(M), and the pair 
{M, c) is called a conformal manifold. Any metric g G c is a (conformal) 
representative of c. The signature (p, q) of a conformal structure c is just 
the signature of any (equivalently, every) conformal representative. 

An infinitesimal symmetry of a conformal structure c on an n-manifold 
M, (alternatively, a conformal Killing field on (M, c)) is a vector field ^ € 
T{TM) that preserves the conformal structure in the sense that for a represen- 
tative metric g G c, £^g = Xg for some A S C°°(M). Taking traces gives that 
this condition is equivalent to ti{£^g) ~ 0, where tf(5) denotes the tracefree 
part Sab — ^S^'^gab of S', and direct computation shows that this condition is 
independent of the choice of representative g. We denote the space of infinites- 
imal symmetries of c by aui(c); checking shows that it is closed under the Lie 
bracket of vector fields, so it is a Lie subalgebra under that operation. 
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The metric bundle of the conformal structure c on a smooth manifold M 
is the ray bundle n : Q ^ M defined by 

S-= ]]_{9x--g& c}. 

By construction, the sections of Q are precisely the representative metrics g of c. 
The action xQ ^ Q defined by s- = Ss{gx) '■= s^Sx naturally realizes Q as 
a principal R_)_-bundle; we denote the infinitesimal generator of this dilation by 
T := 9s(5s|s=i. The metric bundle admits a tautological degenerate, symmetric 
2-tensor go € T{&'^T*g) defined by (go),,,,, (e. '/) := dxiTg^T^ ■ ^^Tg^-K ■ ifj, which 
we may identify with the conformal structure itself. 

Fixing a representative g € c yields a trivialization Q = M x R+ by identi- 
fying the inner product t'^gx with {x,t). In this trivialization, the tautological 
2-tensor is go = t^i^*g, the dilations are given by Sg ■ {t,x) {st,x), and the 
infinitesimal generator is T = tdt- 

For any w G M the conformal density bundle of weight w is the bundle 
Vlw] := g Xp_^ R associated to Q by the R+-rcprcscntation p_^{y) := s~'^y. 
We may identify this bundle with U^eMi/ '■ Sx ^ ^ '■ = s™/: s S R+} and 
hence its sections with real- valued functions on Q of homogeneity w (with respect 
to the dilations Ss)- A choice of representative g E c induces a trivialization of 
each density bundle by identifying / e r(2?['u;]) with f o g ^ C°°{M), 

where we regard 5 as a section M Q. 

Given a vector bundle E M and any w G R, we may form a conformally 
weighted vector bundle E[jv] := E ® T^iw], and again a choice of representative 
trivializes any such bundle by identifying v(E) f G r(E[w]) with (/ o g)v E ^{E). 
By construction, go satisfies S*go = s^go and depends only on the T7r-fibers of 
its arguments, and unwinding definitions shows that we may view the conformal 
structure itself as a canonical section g of 0^r*M[2]. 

The class of conformal structures considered in this work all admit an addi- 
tional special structure called an almost Einstein scale. 

A metric g on an n-manifold M is Einstein if Ric = 2A(n — l)g for some 
smooth function A £ C°^(M). If n > 3 and M is connected, then A is necessarily 
constant; this is the Einstein constant of g, though this term is elsewhere 
sometimes used for the full coefficient 2A(n — 1). 

Definition 8. Suppose (M, c) is a conformal manifold. An Einstein scale 
for c is a (nonvanishing) weighted smooth function a £ r(I?[l]) such that the 
(unweighted) metric cr~^g is Einstein, and if c admits an Einstein scale, we say 
that c is (conformally) Einstein. A weighted smooth function a € r(I'[l]) 
with zero set E is an almost Einstein scale for c if cr~^g|M-E is Einstein. 
We denote the space of almost Einstein scales of c by aEs(c). If dimM > 3 
and M is connected, and if the almost Einstein scale a is not identically zero, 
every restriction of cr~^g|M-s to a connected component of M — S has the same 
Einstein constant, which we hence call the Einstein constant of cr; if A = 0, 
we say that a is an almost Ricci-flat scale. (For expository convenience;, we 
declare the identically zero almost Einstein scale to be almost Ricci-flat too.) 
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3.1. Conformal tractor and ambient geometry 

The conformal tractor bundle is a construction that encodes a conformal 
manifold (M , c) of signature {p, q) in a rank-(p + q + 2) bundle T ^ M endowed 
with some auxiliary structure. The closely related ^ambient metric construction 
assigns to (M, c) a pseudo-Riemannian manifold (M, g) of signature (p + 1, g + 
1); this latter construction involves some choices, but the nonuniqueness in its 
construction is manageable. Invariant data extracted from either construction 
(and which, in the case of the ambient metric, do not depend on any choices 
made) are invariants of the underlying conformal structure and hence can be 
used to analyze that structure; inde ed, thi s was the original motivation for the 
construction of the ambient metric FG85| . 



We first describe the ambient metric associated t o c (for n odd, which is all 



that we need here), following the standard reference |FGll|, and t hen us e it to 
construct the standard conformal tractor bundle as described in jCG03t . The 
conformal tr actor con struction was first given |Tho26i | and was rediscovered and 



extended in [BEG94j using an approach different from t he one here, and it can 
als o be des cribed in the language of parabolic geometries The discussion 

m [GWll §2] is similar to the one below but includes the case of even n. 



Henceforth in this subsection, (AI, c) is a conformal structure of dimension 
n > 3 and signature {p,q). Consider the space t/ x R, and denote the standard 
coordinate on M by p. The dilations 6s extend to x E by acting on the 
Q factor, that is, by 6s{gx,p) = s ■ {gx,p) '■— {s^gxiP), and we again denote 
its infinitesimal generator T :— ds5s\s=i- The map Q Q x M. defined by 
z I— >■ (z, 0) embeds C/ as a hypersurface in t/ x R, and we identify Q with its 
image, Q x {0}, under this map. Again a choice of representative g induces a 
trivialization x R o x Af x M by identifying {t^g^jp) O {t,x,p), which 
defines an embedding AI ^ Q x M by a: i— >■ (1, a;, 0) and yields an identification 
T{g xM.)^R® TM e M. _ 

A smooth metric g of signature (p + 1, q + 1) on an open neighborhood M of 
Q vaQ xM. invariant under the dilations (5s, s e is a pre-ambient metric 
for (M, c) if (1) it extends go, that is, if L*'g = go, and (2) if it has the same 
homogeneity as go with respect to the dilations, that iSj if S*g = s^g (again, for 
all s). A pre-ambient metric is straight if for all p g M the parametrized curve 
s s • p is a geodesic. Any nonempty conformal structure admits many pre- 
ambient metrics; Cartan's normalization condition for a conformal connection 
Car23j suggests that Ricci-flatness is a natural distinguishing criterion. 



Definition 9. Let (M, c) be a conformal manifold of odd dimension at least 
3. An ambient metric for_(M, c) is a straight pre-ambient metric g such that 
Ric(g) is 0{p°°); the pair {M,g) is an ambient manifold for (M, c). 

Here, we say that a tensor field on M is 0{p°°) if it vanishes to infinite 
order at each point of the zero set of p. We formulate Fefferman-Graham's exis- 
tence and uniqueness results for ambient metrics of odd-dimensional conformal 
structures as follows: 
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Theorem 10. iFGlj] Let (M, c) be a conformal manifold of odd dimension at 



least 3. There exists an ambient metric for (M, c), and it is unique up to pullback 
by dijjeomorphisms that restrict to idg and up to infinite order: If gi and 52 
are ambient metrics for {M,c), then (after possibly restricting the domains of 
both to appropriate open neighborhoods of Q in M) there is a diffeomorphism <j) 
such that 4>\g = idg and 4>*g2 — 9i is 0{p°°). 

We now recover the standard tractor bundle from the ambient construction. 
Let g be an ambient metric for (M, c). Since g is straight, the fiber Gx oiQ M 
is a geodesic of 5 (with geodesic parametrization s i— > s • gxjpv any gx € Qx)- 
Direct computation shows that a vector fie ld £ alo ng Qx in M is parallel if and 



only if T5s- £. = s£ for all s e M+ (see |GW12L §2] for details). We define 
the standard tractor bundle to be the bundle whose smooth sections are vector 
fields along Q m M with this homogeneity with respect to 5s ■ 

Definition 11. Let (Af, c) be a conformal manifold. The (standard) (con- 
formal) tractor bundle is the bundle tt : T M defined by 

r = [] {£ e r(TM|eJ : T<5, • £ = s e M+}. 

x^M 

We call a section of T a (standard) (conformal) tractor (field). 

We construct some additional natural objects on T. The sections of T are 
the vector fields on TQ that satisfy S^X — s~^X; since by definition dig = s^g, 
if X,Y S Tx, then g{X,Y) is constant. So, the restriction of ^ to ^ defines a 
fiber metric g^ (of signature {p+ l,q + 1)) on T. Now, T has homogeneity 0, 
so we may regard it as a section of T[l], and the span of T € T{TQ) is invariant 
under 5s, so it descends to a distinguished line subbundle of T, which by mild 
abuse of notation we call [T] . 

The Levi-Civita connection V of the ambient metric defines the tractor 
connection on T as follows. First note that the map Ttt : TQ TM 
induces a realization of the tangent bundle by 

TxM = {77 e r{TQ\gJ ■.T5s-v^rj,se M+}/[T|eJ. 

Now, for X er{T) and £ G T{TM), define 

WjX := WjX, 

where £ is an arbitrary lift of £ to {?? e T{TQ\gJ : TJ^ • £ = £, s e M+} in the 
above realization of TM. Direct computation verifies that the right-hand side 
is independent of the choice of lift, that it is a section of T, and that V''' is 
a vector bundle connection. This construction of the conformal tractor bundle 
depends on the choice of ambient metric g, but different choices yield equivalent 
constructions. A proof th at this cons truction is equivalent to the standard 
tractor bundle of |BEG94 | is given in [CGOSj. It is a direct consequence of 



the compatibility of the ambient metric with its Levi-Civita connection that 
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the tractor metric and tractor connection are likewise compatible in that they 
satisfy V^g^ = 0. 

Given a tractor x G -^(T), counting homogeneities shows that we may re- 
gard g,{Xi'^) as a section of 2?[1], so this defines a tensorial canonical pro- 
jection XIq : r(T) — >■ r(I?[l]); By construction, the kernel of this map is the 
space of sections of r([T]-'-), so Ho descends to a natural bundle isomorphism 
r/[T]-L V[\\. Conversely, there is a natural map Lq : r(X>[l]) T{T), called 
the BGG splitting operator, which is not tensorial but depends on the 2- 
jet of a section of tha t satis fies iyo(no(x)) = X for a^ny parallel tractor 

X e r(r) (see, for example, [HSOQI . §§2.5, 3.2]). In particular, any parallel trac- 



tor is determined by its image under the canonical projection. Furthermore, 
this image admits a natural geometric interpretation. 

Proposition 12. The restrictions of the maps IIq and Lq are isomorphisms 

no 

{parallel tractors} ^{almost Einstein scales} (8) 

Lo 

of vector spaces. 



In fact, the first modern formulation jBEG94l | of the tractor bundle con- 
structs T and so that almost Einstein scales are exactly the (weighted) 
smooth functions whose suitable prolongations yield sections of T parallel with 
respect to V^. 

If (7 is a nonzero almost Einstein scale of Einstein constant A, the parallel 
tractor Lo(ct) satisfies (Lo(o'), io(o')) = — 2A (this is immediate using a trivi- 
alizati on of the tractor bundle that we do not describe here; see, for example, 
Lei06l |). In particular, Lo(o') is null if and only if a is an almost Ricci-flat scale. 



3.2. Holonomy 

We briefly review and relate several notions of holonomy. 

Let E ~^ N he a vector bundle of rank k over a field F, and let : 
T{E) — > r{E (g) T*N) be a general connection on E. For any piecewise smooth 
curve 7 : [0, 1] N, a local section tr of is parallel along 7 if Vycr = 0. 
This is a first-order linear ordinary differential equation with piecewise smooth 
coefficients, so we define the linear parallel transport map : i?-y(o) -^7(1) 
that sends ^ G ^7(0) to (7(7(1)), where a is the unique solution to the differential 
equation that satisfies 17(7(0)) = ^. If 7 is a loop based at x G N, that is, if 
7(0) — 7(1) — u, then since is invertible (its inverse is just P^, where 
7^^(t) := 7(1 — t)), Py e GL(_E„). Let fl^ denote the space of loops based at u. 

Definition 13. Let E N he a vector bundle with general connection V^, 
and let a; be a point in N. The holonomy of based at x is the group 

Hol„(V^) {P^ : 7 e n^N)} < GL{Eu). 
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Picking a basis of identifies it with F*^ and so realizes Hol„(V^) as an 
explicit subgroup of GL(n,F); any other choice of basis yields a conjugate sub- 
group, so without reference to bases we may regard Hol„(V^) as a conjugacy 
class of subgroups of GL(n,F). If TV is connected and v is another point in 
let a be any path from u io v] then by construction 

Hol„(V^) = F„ Hol„(V^)P„-i, (9) 

so that conjugacy class is also independent of the base point u. So, for connected 
manifolds, we may suppress reference to a base point and call that conjugacy 
class the holonomy Hol(V^) of V^. For each cc, we may regard the fiber as 
a representation of Hol„(V^), whence ([SJ shows that the isomorphism type of 
the representation does not depend on the choice of base point. 

If t/ C is an open subset containing u, then all the loops in U based at u 
arc loops in N based there, and thus IIol„(V^|[/) < IIol„(V^). So, we define 
the local holonomy of based at u to be the group 

Hoi:(V^):=nHol«(V^k,) 

where (3 indexes the set of open subsets Up C N that contain u. The local 
holonomy is a connected subgroup of GL+ (T„i?), and there is some open set V 
containing u such that Hol*(V^) — IIolu(V'^|y); we denote its Lie algebra by 
[)oC(V^). 

By construction, a section a £ r(i?) is parallel with respect to V^, that 
is, V^cr = 0, if and only if Holu(V^) fixes au G (for any and hence for 
every u), that is, IIol„(V^) < StabGL(£;„) (^u)- Likewise, e r{ig)^E*) is 
parallel with respect to the connection induced on ^"^E* if and only if 
Hol„(V^) < StabGL( E^)(.4'u) for some (and therefore, again, every) u. 

The holonomy of a vector bundle connection is closely related to its 
curvature . 

Theorem 14 (Ambrose-Singer). Let he a vector bundle connection on a 
vector bundle E M, and fix u G M. For any path 7 : [0, 1] — >■ with 7(0) = 
u, define the map : K^E^ EndEu by R^i^^rj) = p-^oR^{P^^,P^Tj)oP^. 
Then, the Lie algebra ()o[„(V^) < End-E^; of the holonomy group Hol„(V^) is 
generated by the endomorphisms R^{S_,rj), where 7 varies over all piecewise 
smooth curves [0, V\ ^ N such that 7(0) = u and all vectors ^,7] € E^. 

One can recover partial information about the holonomy of at x to 
infinite order by differentiating curvature the curvature R^ , and it will turn 
out that this weaker version of holonomy will be all we need to prove the main 
result below. 

Definition 15. Let V'^ be a vector bundle connection on a vector bundle 
E — > Af , and fix u G M . The infinitesimal holonomy (algebra) of is 

the Lie subalgcbra [)o['„(V^) < q\{Eu) generated by endomorphisms 

y-^uJab D,mi---mk^ ^ "^1 ' ' ' k 
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for all fc > and X,Y, Zi, . . . , Zk G TuN, where C and D are indices on the 
fiber Eu- 

By construction, f)o['„(V^) < f)o[*(V^) < [)oI„(V^). We then cah the con- 
nected subgroup Hol^(V^) < GL(_E„) with Lie algebra [)oI^(V^) the infinites- 
imal holonomy (group) of V'^, and by construction, Hol'„(V'^) < Hol„(V^). 
(In fact, this becomes an equality when N is simply connected and the under- 
lying data is real-analytic.) 

We will invoke the holonomy construction for two particular connections. 
Given a pseudo-Riemannian metric h of signature (p, q) on an n-manifold N, 
the holonomy of h, which we denote Hol„(/i) (or just Hol(ft,) if we only care about 
its conjugacy class) is just the holonomy Hol„(V'') of its Levi-Civita connection, 
V''. Since h itself is parallel, the induced action of Hol,j(/i) must preserve 
that is, Holu(/i) < 0(/i„); passing to conjugacy classes gives Hol(ft,) < 0{p,q). 

By construction, a fc-plane field S is parallel if and only if Hol„(ft.) stabilizes 
Su for any (equivalently, every) it g TV, so if S' is proper we say that Hol„(/i) 
acts reducibly. One can show that any parallel plane field is integrable, so S 
defines a foliation of N by /c-manifolds. Since the holonomy preserves /i„ and 
Su, the (n — /c)-plane field S-^ is parallel too. Then, if S is nondegenerate — that 
is, if 5 n 5^ = {0}, which in particular is always the case if h is definite — 
the Hol„(/i)-representation T„7V decomposes as T^N = (B S:^. In this case, 
one can show that there is an open set U containing u and integral manifolds 
V and W oi S and S-^ through u, respectively, such that {U,h\^) is locally 
isometric to {V x W,hv ® hw), where hy and hw are the respective puUbacks 
of h to those leaves. Then, by construction, Hol(/i|;7) = IIol(/iy) x llo\{hw), 
so to understand pseudo-Riemannian metric holonomy (locally, anyway) it is 
enough to understand indecomposably acting holonomy groups. There is no 
classification of indecomposably holonomy groups, but there is a complete list 
of metric holonomy groups that act irreducibly on simply connected sets, and 
therefore of metric local holonomy groups. 

Theorem 16 (Berger's List). tBerSd] Let (iV, h) be a simply connected pseudo- 
Riemannian n-manifold of signature {p, q) that is not locally a symmetric space 
(a pseudo-Riemannian manifold with parallel curvature tensor). // Hol(iV, ft,) 
acts irreducibly, then up to isomorphism it is one of the following: SO(p, g), 
U(f , f ), SU(f , f ), Sp(|, f ), Sp(|, f ) • Sp(l), SO(t, C), (only m signatures 
(7,0) and (0,7)j, G2 (signatures (3,4) and (4,3)^, G2 (only in real dimen- 
sion 14), Spin(7) (signatures (8,0) and (0, 8)yl, Spin(3,4) (signature (4,4)^1, and 
Spin(7, C) (real dimension 16). 

(In fact, Berger's List originally included several ot her gro ups, but these 
were all later shown to occur only for symmetric spaces. |Brv87| l By the above 



discussion, if the holonomy Hol(iV, h) of a pseudo-Riemannian manifold acts 
indecomposably but not irreducibly, it must admit some proper degenerate plane 
field S, and thus a proper parallel totally null plane field, namely, S D S-^ . In 
particular, locally all holonomy groups of metrics that are not locally symmetric 
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and that act indecomposably but do not appear on Berger's list must admit a 
proper parallel totally null plane field. 

Now, given a conformal structure c of signature, say, (p, 9), the conformal 
holonomy or tractor holonomy of c is the holonomy Hol(V^) of its tractor 
connection. Since is compatible with the (signature-(p + l,q + 1)) tractor 
metric g'^, Hol(V''") < 0(p + 1, + 1). 

Given furthermore a choice of ambient metric g for c, we call Hol(g) the 
ambient holonomy of c, though this choice in general depends on the choice 
of g. It follows from the construction of the tractor metric from the ambient 
metric that Hol(V^) < Hol(g) for all ambient metrics g of c. 

We will use the following recent result of Cap, Gover, Graham, and Hammerl. 

Theorem 17. iCGGB J Let (M, c) be an conformal manifold of odd dimension 
at least 3, fix u € M , let g be an ambient metric for c, and let z € G be an 
element in the fiber of Q ^ M over u. Then, [)oI^j(V^) = t)ol'^{g). 

There is an analogue of this theorem for even-dimensional manifolds, but 
the statement is more subtle and we do not need it here. 



4. Nurowski conformal structures 



In [Nur05[, Nurowski showed that to any generic 2-plane field Z? on a 5- 
manifold M one can associate a canonical conformal structure cd of signature 
(2, 3) on M; we call any conformal structure that arises in this way a Nurowski 
conformal structure. One can read from Nurowski's original formulation that 
with respect to cd, D is totally null and [-D, -D] — . 

Given a plane field Dp defined by a smooth function F via the quasi-normal 
form, ([7]), we denote the conformal structure it induces via Nurowski's construc- 
tion by cp :— CDp- Nurowski's remarkable formula for a representative gp of 
cp in the coframe (w") is a sextic polynomial in the components of the 4-jet of 
F; it contains more than 70 terms, however, so we do not reproduce it here. 

One can realize Nurowski's conformal construction much more compactly at 
the cost of (substantial) abstraction, using the language of parabolic geometries. 
Cartan showed that a conformal structure of signature {p, q) on a manifold M 
can be realized as a principal P-bundle over M endowed with a o{p + l,q + 
l)-valued Cartan connection satisfying a natural normalization condition (this 
connection is called the normal conformal connection), where P is the stabilizer 
of a null line in KJ'+'J+^ endowed with an inner product of signature {p+ l,q + 
1). The motivating feature of parabolic geometry (and more generally, Cartan 
geometry) is that it realizes many geometries in a common framework, allowing 
them to be treated in a unified way. 

A generic 2-plane field Z? on a 5-manifold M can be realized as a principal Pi- 
bundle E ^ M endowed with a g2-valued Cartan connection uj satisfying some 
normalization criteria (recall that Pi is the stabilizer in G2 of a null line in Im O). 
Recall too that there is a natural embedding G2 ^ SO(3,4). By construction. 
Pi = P n G2 , so we may extend any such E by forming the principal P-bundle 



19 



E := E Xp^ P; then, we can extend w to a o(3, 4)-valued 1-form 6j on E by 
equivariance, and that equivariance guarantees that w is a Cartan connection. 
One can furthermore show that lo satisfies Cartan's normahzation condition, so 
it corresponds to a conformal structure cd of signature (2,3). 

One can use this Cartan connection approach to show that the conformal 
structure ca that the flat model (Q, A) induces on Q is just the conformally flat 
structure induced by the conformally flat structure on §^ x S^^ via the projection 

Nurowski conforma l struc tures (M, c) are characterized in terms of objects 
on the base manifold [HS09|; we give a version (that is essentially given in 
that reference) of that characterization in terms of tractor data. A tractor 3- 
form is a section of the bundle h?T* , and the tractor connection induces a 
connection, which we also denote V^, on that bundle. Given any vector bundle 
S — >■ M and any section ip G r(A'^5'*) such that is generic for all m G M, let 
H{ip) e T{q'^S*) denote the bilinear fo rm defined respectively on each fiber *S*^ 
by H{ip)u := H{ipu), where H is the map 

Theorem 18. tHSOi Theorem A] A conformal structure c on an orientable 
5-manifold M is Nurowski (that is, there is a generic 2-plane field D on M 
such that c ^ Cd) if and only if there is a parallel tractor 3-form $ G T{A^T*) 
compatible with the tractor metric in the sense that ~ i?($). 

For any conformal manifold (Af , c), just as for the (standard) tractor bundle 
T, there is a canonical projection Ho : r(A^T*) — r(A^r*M[3]) and an oper- 
ator Lo : T{A'^T*M[3]) T{A^T*) so that Lo(no(x)) = X for every parallel 
tractor 3-form x G r(A^7~*). In particular such a 3-form is determined by its 
image under Ho, and the weighted 2-forms produce d this way a re exactly the 
so-called normal conformal Killing 2-forms of c (see (LeiOSl HS09|]). Given a 2- 
plane field D on an oriented 5-manifold Af and a corresponding parallel tractor 
3-form as in Theorem [TSl the compatibility condition forces the 2-form no(<l') 
to be nonvanishing and locally decomposable, so its kernel is a 3-plane field on 
M, and this turns out to be [D,D]. Since [D,D]-^ = D (where _L denotes the 
orthogonal with respect to the induced conformal structure c^i), D is exactly 
the 2-plane field spanned by the (locally decomposable, weighted) bivector field 
given by raising both indices of no(<l'). 

By naturality, every infinitesimal symmetry of a generic 2-plane field Z? on a 
5-manifold is also an infinitesimal symmetry of the induced conformal structure 
CD, defining a natural inclusion out(-D) ^ aut(c£)). Hammcrl and Sagerschnig 
showed one can realize the space of almost Einstein scales of c^i as a natural 
complement to aut(D) in aut(c£)): 

Theorem 19. fMsM, Theorem B] Let D he a generic 2-plane field on a 5- 
manifold M , let cd denote the Nurowski conformal structure it induces, let $ be 
a parallel 3-form characterizing D as in Theorem \18[ and denote (j) no($). 
There is a natural map aEs(ci5) ^ au.i{cD) defined by 

G ^ r''<yb + (10) 
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where covariant derivatives are taken with respect to the Levi-Civita connection 
of an arbitrary representative g € cd- If we identify aEs{cD) with its image 
under this map, it is complementary to aut(-D) in aut(cD); 

aut(c£)) = aut(L') ® aEs(c£)). 

The projection aut(cD) — > aEs(c£)) defined by this decomposition is given by 

Equation (jlOp corrects a sign error in the statement of the theorem in 



Holonomy groups of Nurowski conformal structures 

Let Z? be a generic 2-plane field on an oriented 5-manifold. Since the tractor 
metric g^ of the Nurowski conformal structure cd is indefinite but is equal to 
the discussion before ^ imphes that $ is split-generic and that g^ has 
signature (3,4); in particular, this recovers the fact that c has signature (2,3). 
Subsection 1 2 . 31 shows that the stabilizer in GL(V) of a split-generic 3-form is G2, 
so the characterization of holonomy containment in terms of tensor stabilizers 
in Subsection 13.21 lets us reformulate Theorem [18] in the language of holonomy. 

Theorem 20. A conformal structure c on a connected, orientable 5-manifold M 
is Nurowski if and only if for some (equivalently any) x G M, Hol2;(V^) < G2 
for some copy 0/ G2 contained in SO{g]^). 

Here, the containment is just the translation of the compatibility condition 
between the split-generic parallel tractor 3-form and the tractor metric. 

Remark 21. We can extend the statement of Theorem [TS] to nonorientable 
conformal structures on 5-manifolds by replacing M with its orientation cover. 
We can correspondingly extend the statement of Theorem [201 to such conformal 
structures by replacing G2 and SO{gJ) with G2 •'^2 and 0{gj), respectively, 
where the nontrivial element of Z2 is just — id on the underlying vector space 

Leistner and Nurowski produced an 8-parameter family of metrics with 
holonomy G2 by constructing Ricci-fiat ambient metrics of Nurowski conformal 
structures LN12|: They identified for each metric in the family a compatible 
parallel split-generic 3-form, which shows that the holonomy of the metrics are 
contained in G2 , and eliminated the possibility that the holonomy of any of the 
metrics in the family was a proper subgroup of G2 using ad hoc methods and 
explicit tensorial data. 

If D is real-analytic, so is the Nurowski conformal structure cd it induces, 
and thus we may associate to D the canonical real-analytic metric 5/3 of cu . Gra- 
ham and Willse used Theorem [TH| to show for all real-analytic D on orientable 
base manifolds that Hol(5o) < G2, and extended Leistner and Nurowski's argu- 
ments to show that, in a suitable sense, equality holds for nearly all D [GW12| . 
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In the following we are interested in the exceptions thereto: In Section [SJ 
we will give a broad class of plane fields D for which the conformal holonomy 
and the holonomy of suitable ambient metrics of the conformal structure Cd are 
proper subgroups of G2. 

To identify these groups explicitly, we will use the following proposition, 
which is just a translation of Proposition [3] into the setting of holonomy using 
the stabilizer characterization of holonomy in Section 13.21 

Proposition 22. Let {N, h) be a connected pseudo-Riemannian 7 -manifold that 
admits a parallel split-generic S-form ^' that satisfies H(^) = h and two lin- 
early independent, parallel, null vector fields ^ and rj. Then, the holonomy of h 
satisfies 

Hol(V'')<H5, •) -0; 

Hol(V'') < R3, if h{^, 77) = and ^{^, ?7, • ) 7^ 0/ 

Hol(V'') < SL(2,M), tfh{^,7j)^0. 

We can give an analogous result for tractor holonomy IIol(V^) by replacing 
{N, h) with the tractor bundle T of a conformal structure and the tractor metric 
, with a section of A^T*, and ^ and r] with tractors. Though we do not 
need this result later, we instead record here a tractor holonomy version of part 
of this proposition in terms of base data as an application of the BGG splitting 
operators. 

Proposition 23. Let D be a generic 2-plane field on a 5-manifold M, and 
let 4> G r(A^T*A/[3]) be the corresponding normal conformal Killing 2-form. 
If a admits two almost Ricci-flat scales a,T ^ T(T>[1]) such that neither is a 
constant multiple of the other ( or equivalently, nonzero scales that correspond 
to non-homothetic metrics (T~^g and T~^gj and such that 

then HoKV^) < H5. 



5. Special classes of 2-plane fields on 5-manifolds 

5.L Plane fields of root type [4] with symmetry algebra rank at least 6 

In [Carinj . Cartan solved the local equivalence problem for generic 2-plane 



fields on 5-manifolds. He restricted attention to plane fields with constant root 
type and first classified plane fields according to those types. To avoid a pro- 
liferation of cases, he (largely) further restricted attention to plane fields whose 
symmetry algebra has rank at least 6. We summarize some of his result s; for a 
relatively accessible but detailed exposition of Cartan's arguments, see IStoOCA 
§17]. 

Theorem 24. \Carl(\ ] Let D be a generic 2-plane field on a 5-manifold M 
with constant root type, and suppose that rankaut(D) > 6. Then, one of the 
following holds: 
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• D has constant root type [oo\ and so is locally flat 



• D has constant root type [4] and rank aut{D) is either 6 or 7 

• D has constant root type [2,2] and rankaut(D) = 6. 

Cartan produced a normal form for D with constant root type [4] and for 
which rankaut(I?) > 6 CarlOl §9]: For any point x € M one can find a neigh- 



borhood U of X and construct a rank-2 bundle principal bundle E ^ U and a 
coframe (ry^, 77^, rf ^rj"^, r]^,Tr^, tt^) on E with structure equations 

drj^ = 2r]^ A tt^ + 77^ A tt^ + 77^ A 77** 

dr]'^ ^7]'^ Att'^ + if A rf 

dff = 777^ A 77^ + 77^ A vr^ + 77"* A 77" 

^77" = I/773 A 7?^ + 77* A + 7;^ A TT^ (11) 
drf = 
dTfi = 

dTT^ = -TT^ A TT^ - 777^ Arf + rf A rf , 

where / is a smooth function on U: by construction, D is the common kernel 
of the puUbacks of 77^, 77^, and 77'^ to M by any local section of — > U . Fur- 
thermore, Cartan constructed the frame so that the Cartan curvature of D is 
just A — [rf Y- Differentiating the equations for drf ^ drj"^, and dir^ shows that 
dl = Jrf for some function J. The invariant / is fundamental in the sense that 
all other invariants, in particular J, are functions of /. 

Now, one can satisfy the puUback of the system ([TT|l to M by an arbitrary 
section by setting 

77I = rfz + Ipldy + qdp- + 2 _ 1 + j2 _ 
?f ^ dy — pdx 
rf = —dp + qdx 
rf — dq — I dx 
if = dx 

TT^ = 

= -I'dy -pdp+ [(1 + /2 - I")y - jl'p - Iq]dx, 

where we have suppressed puUback notation and suggestively used the variables 
that occur in the Monge normal form equation ([6]). In these variables, dl — J dx, 
so / is a function of x alone. 

The general solution to the system defining the plane field D (which again 
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is the common kernel of the pullbacks of rj^, 77^, and 77^ to M) is 

y = fix) 
P = fix) 
q = fix) 

Z = -i 1 irixf + flix)f{x)^ + (1 + - I"{x))fix)^]dx. 

(The coefficient corrects an arithmetic error in equation (6) in [CarlOl §9].) 
So, any plane field with constant root type [4] and symmetry algebra with rank 
at least 6 can be realized in Monge normal form ([7]) by the defining function 
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Fiix,y,p,q,z) = - ife" + f V + (! + /'- 

for some smooth function /(a;). Conversely, given any smooth function / on an 
open subset of M, we denote hy Dj := Dp^ the generic 2-plane field ker{a;^, w^, w'^} 
that Fj defines via ([7]); in particular, d^Fj = —1, which is nowhere zero, so Fj 
is generic. 

If I is constant, then pT|) defines the structure constants for the (local) 
symmetry algebr a aut(Ur ) of D, which thus has rank 7. (Kruglikov ana- 



lyzes in detail in jKrullbl | the one-parameter family of Lie algebras that arise 



this way but instead realizes these plane fields using the Monge normal form 
F{x,y,p,q, z) = g™ for constants m.) 

If / is not constant, the variable x turns out to be inessential (see jStoOOl 
§14.5]), and so we can identify the structure equations of the symmetry algebra 
of Di by pulling back the structure equations ([TT]) to a leaf {a: = k}; suppressing 
pullback notation, we get 

d7]^ = 2tj^ a + ■q'^ a t:'^ + tj^ a t]^ 

drf = rf Att'^ 

dTf = 77^ A TT^ + 77"* A 77"* 

d-q'^ = 77"* A TT^ 

d-K^ = 

dir"^ = TT^ A TT^, 

so in this case rankaut(I?/) = 6. 

Remark 25. For all smooth functions /, the symmetry algebra aut(D/) con- 
tains the rank-2 subalgebra (9^, ydy -\- pdp + qdq -I- 2zdz), but for general / it is 
difficult to identify the other symmetries explicitly. With computer assistance 
one can identify for constant / an explicit basis for the full rank-7 symmetry 
algebra, but any such basis is surprisingly complicated, so we do not give one 
here. 

Nurowski's formula for a representative gp of the conformal structure cp 
induced by the 2-plane field Dp specializes dramatically for the functions Fj: 
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Evaluating it gives the representative metric 

91 ■■= 9Fj = -Sliuj^f + Suj^u}'^ - lOIpuj^uj^ - Suj^uj^ ~ 2{uj^f, (12) 

which we have rescaled by a constant for convenience. Here and henceforth, we 
identify a function I{x) with its puhback to the space Mj :— {{x, y, p,q, z) : x d do: 
by the projection {x,y,p,q, z) i— x. 

We win show that the conformal structures c/ := cpi = [gi] determined by 
the functions Fj all have tractor and ambient hofonomy equal to a particular 
proper subgroup of G2. 

For use in our below proof of the main theorem, we give explicit formulae 
for some of the objects constructed above for the plane fields Dj. 

Proposition 26. Let I{x) be a smooth function whose domain is open and 
connected, and set Mi :— R-j. x Mi x R. 

The generic 2-plane field Di on the 5-manifold Mi is given by 

Di = +pdy + qdp - + f V + (1 + - I")y^]d,) , 

and the Nurowski conformal structure ci it defines contains the representative 
gi defined by (1121) . 

The metric Iji on M / defined by 

gi = 2p dt^ + 2t dt dp + t^ {gi -jldx'^-p) (13) 

is a Ricci-flat ambient metric forj:i ( we suppress the notation for pulling back 
gi and uj^ by the projection Ilj^ M/ Mi defined by 11 : [t, u, p) ^ u ). 
The 3-form $/ e T{A^T*Mi) defined by 

C[-9i^ dtAuj^ Alo'^ ~ 2t^ dtAcj^ Adp- St^uj^ A uj^ A uj'^ 
+ lOt^Ipu}^ A cj^ A cj-"" - t^Iu}^ Au}^ Adp 
+ it^u? A cj^ A cj^ + t^uj^ Auj^ Adp 

+ {-it^I dtAuj'^ Auj^ + t^dt A A a;^)p] 

is parallel and satisfies H{^i) — gi, where C — 2^^^^3^^^^ , and where we 
suppress the notation for the pullback of I and the coframe forms by H. In 
particular, $7 is split-generic. 

The parallel tractor 3-form associated to Di is $/ :— ^i\g, and the trivial- 
ization of the normal conformal Killing form if) G r(A^T*Af[3]) with respect to 
gF{q) is 

(fpi^^y.^ -9Clu^ Alu^. (14) 

Proof. The formula for Di is given in Subsection 12.41 The metric gi has ho- 
mogeneity 2 by construction, and G shows that it coincides with go = t^gi, so 
it is a pre-ambient metric for c/; computing directly shows that it is Ricci-flat, 
so it is in fact an ambient metric for c/. Computing directly shows that $/ is 
parallel and satisfies i?($/) = gi, and 0/ :— no(<I>7). □ 
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Proposition 27. Let I{x) he a smooth function whose domain is open and 
connected. The functions ^{x) in the 2-dimensional solution space W of the 
homogeneous, linear, second order ordinary differential equation 

a" ~ \la = 0, (15) 

are almost Ricci-fiat scales of a (trivialized with respect to the representative 
gi). In particular, every tractor LQ{a) in the corresponding 2-dimensional vector 
subspace Lo{W) C r(T) is null. 

For each solution a Cz S , the vector field 

:= d{at)^ = t-\-la'd, + adp) S TiTMi) (16) 

is parallel and null, the tractor produced by restricting it is just Lo((t), and 
the infinitesimal symmetry of ci corresponding to a via (|10p is given by 

In the definition of , we have suppressed the notation for the pullback of a by 
the projection R-^ x Mj x M Mj. 

Proof. The trivialized Ricci-flat scales are exactly the functions a of {x, y, p, q, z) 
such that Ric((T~^(7/| Af-s), where E is the zero set of a. Consider functions a 
that depend only on x] computing directly gives that on M — E, 

mc{a-^gi) = 3a-\a" - \l(T)dx^ , 

where a prime ' denotes the derivative dx. For such tr, the Ricci curvature 
vanishes if and only if the quantity a" — \lcr does. The remaining claims follow 
from direct computation. □ 

Remark 28. In fact, direct (but tedious) analysis of the equation Ric((T^^57| a/-e) = 
for general a (that is, not just those that depend only on x) shows that these 
account for all of the almost Einstein scales of gi, but we will see this follows 
indirectly from below results. 

With the above data in hand, we are prepared to prove the main results. 

Theorem A. Let I{x) he a smooth function whose domain is open and con- 
nected, and letgi be the Ricci-flat ambient metric (jl3l) ofcj. Then, 

HoKVf) ^ Roligi) = Hs , 

where S/J is the tractor connection of Cj and H5 is the Heisenberg 5-group. 

Corollary B. Let D be a generic 2-plane field on a b-manifold M with constant 
root type [4] such that rank 0111(1)) > 6. Then, for any point u G M , the local 
holonomy of the tractor connection of the induced conformal structure cd 
IS Hoi:(V^) -Hg. 
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Proof. By Cartan's normal form given after Theorem [MJ there is an open set W 
containing u such that (W^, D|m/) is equivalent to {Mj,Dj), and so (Vl^, C£)|„,) = 
{W,cd\w) is conformally equivalent to {Mi, a). Thus, f)o[^(Vf ) = f)o[^(V''") < 
f}oC(V'^) < t}0l(Vf ). By the proof of Theorem A, flol^Vf ) = f)o[„(Vf ) = f)5, 
so f)ol* (V^) = [}5, and since local holonomy is connected, Hoi* (V^) = H5. □ 

Proof of Theorem A. By Proposition [25] 5/ admits a parallel split- generic 3- 
form that satisfies H{^i) — gj, and by Proposition [57] it admits two linearly 
independent parallel null vector fields, say, ^ and rj. Computing gives that 
$(^,77, •) = 0, so by Proposition [221 Hol(g/) < H5. 

We now show that the infinitesimal holonomy i)ol' (gi) of the ambient metric 
gi has dimension at least 5. Then, since Hoi (gi) < Hol(g/), both holonomy 
groups are equal to H5. 

We compute the infinitesimal holonomy of gi using the definition; its curva- 
ture is 

R = 15t^(a;^ (g) (g) (g) - (g) (g) (g) 

- (g (g g) -I- (g g) (g w^). (17) 

Fix u e Mi; then, i)ol'^{gi) admits a natural filtration (V^) by the vector spaces 
C End T„M spanned by endomorphisms generated by at most r derivatives 
of curvature: More precisely, = V^\u, where 

■■= {Rab''d,j,-j,X^Y''Z^^ ■■■Zi" -.kKr; X, Y,Zi,...,Zke r{TMj)} 

C r(EndM/). 

We compute the filtered pieces one at a time. Respectively the definition 
and an easy induction using the Leibniz rule give 

r V° = {R^B^oX^Y^ ■.X,Y er{TMj)} 

\ V = {S^^ jZ-^ : S eV'-^;Z er{TMi)},r > " 

Now, consulting (IT71) and raising an index shows that V'^ = {ipi), where 

^1 := E2 oj^ + E4 (S) uj'^ e r(End TM/), 

and ( • ) denotes the span over C°° {T M j) . 

Next, computing (f/'i)*^ j and contracting with an arbitrary vector field Z^^ 
gives that — (V'l, ^^2, "^s); where 

2p2 ■■= t^^E2 ®dt + Ibdp g) u)^ 

ip3 -.^ 4E2 <S) uj'-^ - 3E3 (g - 6t~^Ei (g + 90dp (g 
Continuing gives that — {ipi,ip2,4'3,4'4) , where 

-04 := 3Ei(g)uj'^+3E2(E)uj^-10IpE2(E)uj^+9t-^E3(E)dt+6IE4(E)uj^+l80dp(E)uj^. 
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and that V'^ = ("01, "02, "03) "04; "05)1 where 

-05 := r^Ei (E)dt + r^IEi ®dt + 15Idp (g) oj'^ - 155p (g) w'' + 50Ipdp (g) uj'^. 

In particular, the given generating set of is hnearly independent at every 
point in M, so rank ()o[^(5/) > dimFjf = 5. (In fact, since the Lie algebra of 
Hol„(g7) has dimension at most 5, this gives f)ol„(g/) = t)ol'^(gi) = Vp.) 

If we take m to be a point in Q, then Theorem [T71 shows that t)ol'(Wj) = 
t)ol'{gi) — f)5. Since AIj is simply connected, IIol(V]') = II5. 

We could have avoided using Theorem [17] and instead showed directly the 
equality of the infinitesimal holonomy algebras by expanding the derivatives 
Rab^ D Ji- - Jk ^'^ third order in Christoffel symbols; using the relationship be- 
tween the tractor and ambient curvature tensors, one can then show that the 
restrictions of -00 to tj, 1 < a < 5, which by construction are sections of EndT, 
can all be produced by taking derivatives of tractor curvature. □ 

Corollary 29. Let I be a smooth function whose domain is open and con- 
nected. Then, the space aEs(c/) of almost Einstein scales of Dj is exactly the 
2-dimensional space W of almost Ricci-flat scales identified in Proposition \27\ 
Then, the rank of the conformal symmetry algebra of c/ is 

^. \{ \ f ^' '^'-'^ constant 
ini {Cj) 1 9, / constant 

Proof. Analyzing the representation V of G2 in Subsection 12.31 shows that the 
vectors preserved by the restriction of that representation to H5 — Stabca (ei) fl 
StabG2(e2) are exactly those in the 2-dimensional subspace (61,62). Since 
Hol(Vj') = H5, the space S of parallel sections of T is 2-dimensional. By the 
correspondence ((8]), the space of almost Einstein scales of 6/ is no(S'), which 
has dimension 2. 
By Theorem [H 

rankoui(c/) — rankoui(Z3/) + dimaEs(c/). 

By the proof of the first statement, dimaEs(c/) ~ 2. By the discussion at 
the beginning of the section, the symmetry algebra aut(_D/) has rank 7 if / is 
constant and rank 6 if not. □ 

Remark 30. Metrics admitting the same types of parallel objects as the metrics 
Tji admit many additional parallel objects. Let {N, h) be a connected pseudo- 
Riemannian 7-manifold that admits a parallel split-generic 3-form ^ that sat- 
isfies H{'^) = h and a special null plane field S comprised of parallel vector 
fields, then S itself is parallel, as is the conull 5-plane field S-^ D S. Given any 
nonzero parallel null vector field ^ S r(5), all plane fields in the complete fiag 
field 

C C S* C AnnC C (Ann^-^ C C [^]^ C TN 

on N are parallel and null or conull and hence are subrepresentations of IIol(/i); 
here, Ann^ is the 3-plane field with fiber (Ann^)^ Ann(^j,). Given a second 
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parallel null vector field that is not a multiple of ^, one can produce further 
parallel plane fields by forming the intersections and spans (and the orthogonal 
plane fields thereof) of the pieces of the corresponding fiag fields. 

If we fix u G iV and identify with ei G V and S with (ei, 62), then 

(61,62,63) , 

(61,62,63,64) , 

(61,62,63,64,66) , and 

(61,62,63,64,65,65) . 

Then, consulting ([SJ shows that even though the holonomies of the metrics 
^/ and the corresponding connections \/J do not act irreducibly, they do act 
indecomposably. 

Remark 31. Let / be a smooth function whose domain is an open, connected 
interval, and_^let ^ be a parallel vector field on {Mj,gj) (see (|16p ). Again if 
we fix M € Mj and identify with 61 € V, then [^u]'^ = (61,62,63,64,65,60), 
and consulting ([5]) again shows that this subrepresentation of H5 is faithful but 
that no proper subrepresentation thereof is. (Restricting to G C Mj yields 
the analogous statement for parallel tractors and tractor holonomy.) Since 
is null, however, the pullback of gj to any leaf L of the foliation defined by 
the plane_field [^]-'" (which is integrable because it is parallel) via the inclusion 
L : L ^ Ml is degenerate: By construction, at each point u ^ L, is in T„_L 
and is orthogonal to every vector in that space. 

The 2-form t*^/ degenerates only along this direction, however, so it descends 
to a pseudo-Riemannian metric g on the space of integral curves of £\l G V{TL). 
The representation Ho1„(5/)|[^^]-l fixes so it descends to a representation on 
the quotient space [^ti]"'"/[^u], which by construction we may identify with the 
holonomy representation Hol[„] (g) of g at the integral curve [u] through u. If 
we yet again identify ^„ with ei € V, then — (62,63,64,65,66), and 

consulting ([5]) shows that Hol[„]((7) = R^. 

Now, let S be the parallel 2-plane field comprising the null parallel vector 
fields of 'gi . By construction, each plane field in the complete flag field 

C Sim C Anne/[^] C (AnnO^/K] C C TL/[S] 

on the space of integral curves is parallel (and null or conuU). (In fact, ^ shows 
that every 2-, 3-, or 4-plane P„ such that S'„/[^„] Pu *S',^/[Cti] extends to a 
parallel fc-plane field.) 

Again, 5'^/[Cu] is a faithful representation of II5 but no proper subrepresen- 
tation is. Furthermore the pullback of g to any leaf of the foliation determined 
by the plane field is again degenerate, but at each point in the leaf, the 

pullback degenerates only along the direction S /[£_]. So, it descends to a met- 
ric on the (3-dimensional) space of integral curves of the line field >5'/['^], which 
we may also interpret as the space of leaves of the foliation determined by the 
plane field S\n in a leaf R of the foliation determined by S*^ C TM, and again 
consulting ([5]) shows that the holonomy of this metric is trivial. 



Ann^„ = 
Anne^ - 
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One can interpret the ideas in the previous remark to determine the metric 
holonomy of distinguished representatives of the conformal classes c/. 

Proposition 32. Let I be a smooth function whose domain is an open, con- 
nected interval, and let 5 G c/ be a Ricci-flat representative. Then, g admits a 
parallel null vector field and Hol((;) = R-^. 

Proof. Let a G r(I?[l]) be the Ricci-flat scale so that g ~ cr^^g (in particular, a 
vanishes nowhere, and so by changing sign if necessary, we may assume that any 
trivialization of ct by a representative metric is everywhere positive). By Propo- 
sition [27l a must be in_the 2-dimensional vector space identified therein, and the 
vector field G V{TM i) is parallel with respect to the Levi-Civita connection 
of Tji. Then, the orthogonal plane field [(fY^ is ker(f'^)'' — ]ievd{ta) (where, 
as in that proposition, a has been trivialized by the representative gi S c/), 
and the leaves of the foliation defined by this plane field are the hypersurfaces 
Lc ■= {t = C/a{x)}, C > 0. On Lc, the integral curve [woK^) of ^'^II^ satisfy- 
ing the arbitrary initial condition [wo](0) = uq {C /a{xo),XQ,yQ,pQ,qo, zq, po) 
is 

7(r) = {C/a{xo),XQ,yQ,pQ,qo,ZQ - ■^(T{xQ)a' {xq)t, po + ^a{xo)'^T), 

which is defined for all time r. In particular, every integral curve [uo] intersects 
the hypersurface Lc CiG = L Ci {p = 0} exactly once, so we may identify it with 
the space of integral curves [u] , but by construction Lc n C/ is the image of the 
metric g regarded as a section M ^ Q. Unwinding definitions shows that (1) 
the induced metric on the space of integral curves of is just the puUback 
of gi to Lc n Q, and (2) if we identify M with Lc H Q, this pullback is just g 
itself. □ 



5.2. Plane fields defined by ODEs z' = F{y") 

Many of the above results hold just as well for the class of plane fields 
Dp(^q) defined via ^ for the smooth functions F{q) that (1) depend only on q 
and (2) for which F"{q) is nowhere zero, so that Dp(^q^ is generic; by Subsec- 
tion these plane fields encode ordinary differential equations z' = F{y"), 
where y and z are func tions o f x. (Nurowski considered this class of plane 



fields as an example in [Nur05|, essentially gave equations (PT|) and (P^ . and 
observed that for generic functions F{q) the root type of -Di?(g) is generically 
equal to [4]; see below.) We identify F{q) with its pullback to the set Mp^q) ■= 
{{x,y,p,q, z) -.qGdouiF} by the projection {x,y,p,q, z) 1-^ q. These plane 
fields again all have symmetry algebra with rank at least 6, and we can now 
identify these symmetries explicitly: 

aut{Dp(^q)) > (^dx, dy,dz, xd^ + 2ydy + pdp + zd^, xdy + dp, 

F'dx + {pF' ~ z)dy + {qF' - F)dp + J F" F dq • 9,^ (18) 
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As mentioned earlier, if D is a generic 2-plane field for which rankaut(£>) = 
7, then D is locally equivalent to Dqm for some constant m. Conversely, if 
m ^ { — 1, 0, i, |, 1, 2}, then aut(I?g™) = 7 and the symmetry algebra is spanned 
by the right-hand side of and ydy + pdp + qdq + mzdz Krullbl | . If m S 



{— 1, i, |, 2}, then Dqm is locally flat, and if m = or m = 1, then = 

and so Dqm. is not generic. 



Computing directly using the procedure given in |GW12| . §5], the Cartan 
curvature of the plane field £^F(g) is 

AFi^q)^{F")-'nF"]dq\ (19) 

where 4* : C°° (dom F) — > C°° (dom F) is the nonlinear differential operator 

%U] := 10C/(^)C/3-80C/"'C/'C/2-51(C/")^C/^ + 336C/"(C/')^C^-224(C/')*. (20) 

So, these plane fields are closely related to the class of plane fields Dj described 
above, but the root type of a plane field Dpi^qj need not be constant: Dp^q^ 
has root type [oo] at {x,y,p,q,z) S MF(q) if ^[F"]{q) — and root type [4] 
at that point otherwise. So, if vanishes nowhere, then for each point 

(a;, HtP, q, z) G ^iF{q) there is some function / such that Dp in locally equivalent 
to Di at (x, y,p^ q, z) and some point in M/. To the knowledge of the author, it 
is unknown whether every Dj can be locally realized (at each point) as a plane 
field Dpi^q-) for some F{q). 

For completeness, we collect some explicit data for the plane fields Dp(^q) in 
two propositions; they are produced in the same way as are their analogues in 
Propositions and E71 so we suppress the proofs. 

Proposition 33. Let F{q) be a function whose domain is open and connected 
and for which F" vanishes nowhere, and set Mp(^q-^ := x Mp(^q-j x R. 
The generic 2-plane field Dp(^q-j on the 5-manifold Mp(^q^ is given by 

Dp{q) = {dq, + pdy + qdp + F{q)d:,) , 

and the Nurowski conformal structure Cpi^q-^ it defines contains the (again, rela- 
tively simple) representative 



gp(q) = 30(F")^c.ic.4 + [-3F(4)f" + A{F"'f]ul 

- 10F"'(F")'w2W3 + 30(F")^cj2C^5 - 20(F")^w|. (21) 



The metric gF{q) on Mpf^q) defined by 

( i'jpi't)p" „ 5Q(F"')^ \ 
gp(q) = 2p dt" + 2i dt dp + t" {gp(q) ^(^^ ' p) (^2) 

is a Ricci-flat ambient metric for Cp(^q^(we suppress the notation for pulling back 
gF(q \ and u i'^ by the projection H : Mp(^q-^ — > M defined by 11 : {t,x,p) H> xj. 
(In fNurO^J . this ambient metric is given is a different form.) 
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The 3-form ^F(q) G T{A^T*MF{g)) defined by 

$^(^) := C'[{F"ft^dt A A + \F"'t^dt A lj^ A dp 

_ i.(F")h^dt ALu'^Adp+ lF"'{F")HW Aio^Au^ 
- \{F")H^LO^ Alo^Alo^- ^{Fyt^uj^ Auj^Auj' 
+ ^{F<^^^ - 168(F"')'(F")-^)t'u;' Auj^Adp 
+ J^F"'F"tW Auj^Adp+ l^{F"ft'uj^ Auj^Adp 
+ [gio(103F(4) - 50A{F'y{F")-^)t^dt Alj^Alj^ 

+ 7.F"'F"t^dt A ^3 ^ + ^{F"ft^dt Au^A iJ^]p], 

is parallel and satisfies H{^pj^q^) — 'gF(q), where C = 2^/'^3^/'^5"^^^, and where 
we suppress the notation for the pullback of F and the coframe forms by H. 
In particular, '^F(q) split- generic. 

The parallel tractor 3-form associated to £'_f(<j) is ^F(q} '■— ^F{q)\G> o'^^ 
the trivialization of the normal conformal Killing form (f> G r(A^r*Af [3]) with 
respect to gF{q) 

(j)F(q):^C'{F"fLo^ Au'^. (23) 

Proposition 34. Let F{q) be a function whose domain is open and connected 
and for which F" vanishes nowhere. The functions a in the 2-dimensional 
solution space S of the homogeneous, linear, second order ordinary differential 
equation 

10(F") V" - 40F'"F"a' + {^UF^'^^F" + 56(F"')^)cr = 0, (24) 

are almost Ricci-flat scales of CF{q) (that have been trivialized with respect to the 
representative gpiq))- In particular, every tractor io(cr) in the corresponding 
(2-dimensional) vector subspace Lq{S) C r(T) is null. 
For each solution a, the vector field 

d{at)^ = ^{F'T^t-^'^'dy + t-^adp € r(TMf(,)) 

is parallel, and the tractor ^"'jg produced by restricting it is just LQ{a), where 
we have suppressed the notation for the pullback of a by the projection M_|_ x 

MF(q) X R ^ Mpiq) ■ 

We also give an analog of Theorem A for the plane fields determined by 
functions F{q). 

Theorem 35. Let F{q) be a function whose domain is open and connected and 
for which F" vanishes nowhere, and let gpiq) be the Ricci-flat ambient metric 
(|22p ofcF(q). Lei V J^^j denote the tractor connection of CF(q). 

• IfAp^q) = 0, that is, if Dp(^q^ is locally flat, f/ien Hol(V|^(-^^) = Mollgpi^q^) = 
{e}. 
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• IfAp^g) ^ 0, then Hol(Vj(^)) 5^ Hol(5;^(,)) ^ H5. 

Proof. By Proposition l33l opi'r,^ admits a parallel split-generic 3-form *&F(g) that 
satisfies _ff ($ p^q-^ ) = gF{q) j and by Proposition l34l it admits two linearly indepen- 
dent parallel null vector fields, say, and r/. Computing gives that rj, •) = 0, 
so by Proposition [22I llo\{gF{q)) < H5. _ 

Computing gives that the curvature of M p(^q^ is 

— W4 ® ^2 (8) W2 ® a;4 H- (u;4 (g) W2 ® "^4 (X" W2), 

where ^' is the differential operator given by ([20)) . By ([T^ . if ^F(g) = then 
*[-F"] = and so R = 0. Since Mpiq) is simply connected, Hol(gF(g)) — 
and since Hol(V|;(^)) < Ho1(5f(9)), Ho1(V|:(^)) = {e}. 

If ^[F"] ^ 0, pick u e Mpiq) such that ^[F"]{q) ^ 0. Proceeding as in the 
proof of Theorem A, one can show that dimT^ = 5, so rank [}ol^(gF(g)) > 5, 
and thus Hol(gF(ij)) = Hs- Again, Theorem [TTl gives that Hol(Vj(^)) = H5 
too. □ 

The following example shows that having symmetry algebra of rank at least 
6 is not a necessary condition for the holonomy of the tractor connection to be 
equal to H5. 

Example 36. Example 6 of |Nur05| states that, according to Cartan, every 
2-plane field with root type [4] can be (presumably locally) realized as Dpiq) 
for some function F{q). The is untrue: Computing directly shows that the 
2-plane fields Dp determined by F{x,y,p,q, z) = e^[l -I- {e^'^^q — |e~^^p^)''], 
r £ {—1,2}, have root type [4] but that their symmetry algebras are 

autiDp) = {dx,xdx - dy - pdp - 2qdq, 

x^dx - 2xdy - 2{xp + l)dp - 2{p + 2xq)dq,d,), (25) 

and in particular aui{DF) = 4. Since oui(Z?F(g)) > 6 for all functions F{q), 
the plane fields p5|) cannot arise this way, and likewise they cannot be realized 
as Di for any /. One can still find, however, an explicit Ricci-flat ambient 
metric for cf and, proceeding as in the proof of Theorems A and |35l show 
that the tractor connection for cf and the ambient metric both have ho lonomy 
equal to H5. (These 2-plane fields constitute Example 6.7.1 of Str09| . where 



they appear as examples of plane fields whose symmetry algebra contains a 
subalgebra isomorphic to s((2,R); in this case, this subalgebra is spanned by 
the first three vector fields on the right-hand side of ([25]) .) 

Remark 37. This example suggests the possibility that a much broader class 
of 2-plane fields have associated holonomy classes H5 than those in the classes 
of plane fields Dj and Dpiq) identified above, and the author is aware of no 
examples of plane fields for which the root type at each point is [4] or [00] but 
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for which the local holonomy of the associated connections is neither {e} nor 
H5. 

On the other hand, Leistner and Nurowski considered the plane fields Dp 
defined by the functions F{x, y,p, q, z) = agp^ + a^p^ + a4p^ + a^p^ + a2P^ + 
aip + ao + hz, whe re the U j and b are constants. Computing directly using the 
procedure given in |GWll §5] shows that if one of 03, 04, as, or ag is nonzero, 
then Dp has root type [3, 1] for all but at most finitely many values of p, where 
it has root type [4] or [00]. Leistner and Nurowski showed, however, that for 
all suc h Dp there is a corresponding ambient metric "gp with holonomy equal 



to G2 jLN12l . Theorem 1(2)]. So, it is conceivable that for general plane fields 



D, having root type [4] or [00] at each point is a sufficient and/or necessary 
condition for the local holonomy of a suitable corresponding ambient metric to 
be contained in H5, or even to be a proper subgroup of G2. 

For completeness, if 03 = 04 = 05 = ae = but 02 7^ — 16^,26^, then Dp 
has constant root type [4] and rank aut(Z)p') = 7, whence it is locally equivalent 
to Di for some constant / (and to Dqm for some constant to). If 03 = 04 = 
^5 = 16 = and either 02 = ~^i>^ or 02 = 26^, then Dp has constant root type 
[00], that is, Dp is locally flat. 
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